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PLANAR BOUNDARIES AND PARABOLIC SUBGROUPS
G. CHRISTOPHER HRUSKA AND GENEVIEVE S. WALSH
Abstract. We study the Bowditch boundaries of relatively hyperbolic
group pairs, focusing on the case where there are no cut points. We
show that, if there are parabolic inseparable cut pairs in ∂(G,P), the
group G splits over a finite group. We use this to prove that when G
is one ended, and (G,P) is a relatively hyperbolic pair with connected
planar boundary with no cut points, then every element of P is virtually
a surface group. This conclusion is consistent with the conjecture that
such a group G is virtually Kleinian. We give numerous examples to
show the necessity of our assumptions.
1. Introduction
Relatively hyperbolic groups generalize the notion of geometrically finite
Kleinian groups acting on real hyperbolic space H3 to groups acting similarly
on other δ–hyperbolic spaces [Bow93, Bow12]. Convergence groups were
introduced by Gehring–Martin [GM87] for actions on S2 = ∂H3 and were
related to boundaries of δ–hyperbolic spaces by Tukia and Freden [Tuk94,
Fre95]. In this article, we study geometrically finite convergence groups,
which are precisely the boundary actions associated to relatively hyperbolic
group pairs by [Yam04, GP15]. We are motivated by the following general
question: What conditions on a relatively hyperbolic pair (G,P) with planar
Bowditch boundary are sufficient to ensure that G is a Kleinian group?
It is easy to construct examples of relatively hyperbolic groups with pla-
nar boundary that are not virtually fundamental groups of 3–manifolds. We
discuss one such construction, in Proposition 3.2, which is general enough
that the peripheral subgroups can be any arbitrary non-torsion group. A sec-
ond, cautionary example in Proposition 3.3 has peripheral subgroups equal
to Z⊕Z, yet is still not a virtual 3–manifold group. These two constructions
produce groups whose Bowditch boundaries have cut points, which allows
for a great deal of flexibility in the construction of counterexamples.
In studying the Kleinian question, mentioned above, it would be useful
to first determine which subgroups may arise as peripheral subgroups of a
relatively hyperbolic group with planar boundary having no cut points. Our
main theorem gives a complete answer to this problem.
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Theorem 7.1. Suppose G is one ended, and suppose (G,P) is relatively
hyperbolic such that the boundary ∂(G,P) is planar and without cut points.
Then each P ∈ P is virtually a surface group.
A surface group is either the fundamental group of a closed surface or
a finitely generated free group. We note that if (G,P) is relatively hyper-
bolic and ∂(G,P) is connected with no cut points, then G must be finitely
generated (see Theorem 2.4). There are relatively hyperbolic group pairs
satisfying the hypotheses with arbitrary surface groups.
Theorem 7.1 would be quite easy to prove if one knew that the action
of G on the Bowditch boundary extends to an action on S2, which is clear
in several special cases previously studied: when the boundary is the 2–
sphere itself or the Sierpiński carpet [Dah05, Thm. 0.3] or a Schottky set
[HPW]. However, in many cases the action of G on its planar boundary
does not extend to S2, as shown by [KK00, HST20]. The main difficulty
in the proof of Theorem 7.1 is reducing to a case in which the action of a
suitable subgroup of G extends to S2.
Theorem 7.1 provides evidence for the following conjecture, which extends
the Cannon Conjecture [Can91].
Conjecture 1.1. Suppose G is one ended and (G,P) is relatively hyperbolic.
If ∂(G,P) is planar with no cut points, then G is virtually a Kleinian group.
The case when the boundary is a 2–sphere is the Relative Cannon Conjec-
ture [GMS19, TW], and the case when the boundary is a Sierpiński carpet
is a conjecture due to Kapovich–Kleiner [KK00]. The word “virtually” may
be dropped in the case of the 2–sphere or the Sierpiński carpet—provided
that one interprets “Kleinian group” to mean a group acting properly and
isometrically on H3. However examples of Kapovich–Kleiner [KK00] and
Hruska–Stark–Tran [HST20] illustrate that groups with planar boundary as
in the conjecture need not be Kleinian (even in the hyperbolic setting) so
a virtual assumption is necessary. A key special case of Conjecture 1.1 is
proved by Haïssinsky in [Haï15], the case when G is a hyperbolic group such
that ∂G does not contain a Sierpiński carpet and G has no 2–torsion.
A related conjecture of Martin–Skora [MS89, Conj. 6.2] states that any
convergence group acting on S2 is covered by a Kleinian group. This conjec-
ture would not directly imply Conjecture 1.1 since the action of a relatively
hyperbolic group on its planar boundary may not extend to an action on S2.
As mentioned above, the most difficult step in the proof of Theorem 7.1 is
to show that the action of any rigid subgroup on its boundary extends to S2.
In order to extend such actions, we first need a complete understanding of
all cut pairs in the boundary, in relation to the splittings over 2–ended sub-
groups. In the hyperbolic setting, such an understanding is a consequence of
[Bow98]. Much of this paper is occupied with completing the general classi-
fication of cut pairs in boundaries of relatively hyperbolic groups, building
on previous work of [Bow98, Gur05, PS06, Hau19, HH].
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Bowditch’s proof of the local connectedness of boundaries of many rela-
tively hyperbolic groups involves a general classification of the cut points of
the boundary and their relationship with splittings over parabolic subgroups.
A major ingredient in the proof is the theorem that a cut point must always
be the fixed point of a parabolic subgroup (see [Bow99a, Bow99b, Bow01]).
When considering cut pairs, work of Haulmark–Hruska [HH] shows that
the inseparable, loxodromic cut pairs of the boundary are closely related
to splittings over 2–ended groups. A cut pair {x, y} of a Peano continuum
is inseparable if x and y cannot be separated by any other cut pair. It is
loxodromic if x and y are the fixed points of a loxodromic group element. By
analogy with the case of cut points, one might conjecture that inseparable cut
pairs must always be loxodromic. A theorem of Haulmark [Hau19] reduces
this conjecture to showing that the boundary does not contain an inseparable
parabolic cut pair, i.e., an inseparable cut pair consisting of two parabolic
points.
We were surprised to discover (many) relatively hyperbolic groups with
planar boundaries that do contain inseparable parabolic cut pairs. We dis-
cuss examples of inseparable parabolic cut pairs in Bowditch boundaries in
Section 3. Then we show in Section 6 that this pathology can occur only if
G does not split over over a finite group, in the no cut point case.
Corollary 5.4. Suppose (G,P) is relatively hyperbolic and M = ∂(G,P)
is connected with no cut points. If G is one ended, then all inseparable cut
pairs of M are loxodromic.
The corollary does not involve planarity, but rather applies broadly, far
beyond the low-dimensional setting of Conjecture 1.1. This corollary plays a
key role in the proof of Theorem 7.1, allowing us to deduce that rigid pieces
have no cut pairs. This conclusion, together with a classical analytic result
of Torhorst [Tor21] on planar Peano continua, allows us to establish that the
action on the planar boundary extends to an action on S2.
In Section 2 we discuss background on convergence groups, relatively hy-
perbolic groups, properties of their boundaries, and some special subgroups.
Section 3 is dedicated to the examples discussed above. In Section 4 we
constrict a simplicial tree dual to the family of all inseparable cut pairs in
the boundary. This tree is a key tool for relating inseparable parabolic cut
pairs to splittings over finite groups in Section 5. We further develop this
connection in Section 6, where we show in Theorem 6.1 that rigid one-ended
relatively hyperbolic group boundaries (which are not S1) do not have cut
pairs. Finally, in Section 7, we prove Theorem 7.1.
1.1. Acknowledgements. The authors thank Peter Haïssinsky and Craig
Guilbault for helpful discussions. The first author was partially supported
by grant #318815 from the Simons Foundation, and the second author by
NSF grant DMS #1709964.
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2. Preliminaries
This section collects various background results from the literature.
Definition 2.1. A convergence group action of G on a metrizable com-
pactum M is an action by homeomorphisms such that for any sequence (gi)
of distinct elements in G there is a subsequence (gni) such that there exist
points ζ, ξ ∈M such that
gni
∣∣(M \ {ζ})→ ξ
uniformly on compact sets. Such a subsequence is a collapsing subsequence.
Convergence groups are always countable by [Ger09, §5.3].
A point ζ ∈M is a conical limit point if there exists a sequence (gi) in G
and a pair of distinct points ξ0 6= ξ1 ∈M such that
gi
∣∣(M \ {ζ})→ ξ0 and gi(ζ)→ ξ1.
A point η ∈M is bounded parabolic if its stabilizer acts properly and cocom-
pactly on M \ {η}. A convergence group acting on M is geometrically finite
if every point of M is either a conical limit point or a bounded parabolic
point. The stabilizers of the bounded parabolic points are called maximal
parabolic subgroups.
Definition 2.2 (Relatively hyperbolic). A group pair consists of a group
G and a family P of infinite subgroups that is closed under conjugation. A
group pair (G,P) is relatively hyperbolic if G admits a geometrically finite
convergence group action on a metrizable compactum M such that P is
the set of maximal parabolic subgroups. If the pair (G,P) is relatively
hyperbolic, the family P is a peripheral structure and the subgroups P ∈ P
are peripheral subgroups of (G,P).
Any two compactaM andM ′ as above are G–equivariantly homeomorphic
by [Yam04, Bow12, GP16]. The Bowditch boundary of a relatively hyperbolic
pair ∂(G,P) is defined to be any metrizable compactum M admitting a
geometrically finite action as above.
Definition 2.3. Assume (G,P) is relatively hyperbolic. A subgroup H ≤ G
is elementary if the limit set ΛH of H in ∂(G,P) has fewer than three points.
A subgroupH ≤ G is relatively quasiconvex ifH is elementary or if the action
of H on its limit set is a geometrically finite convergence action. A relatively
quasiconvex subgroup H inherits a natural relatively hyperbolic structure
(H,PH) where PH is the set of all infinite subgroups of the form H ∩ P for
P ∈ P. Furthermore, the Bowditch boundary of (H,PH) is the limit set of
H in ∂(G,P). See [Dah03, Hru10] for more information.
Theorem 2.4 (Splittings and the boundary). Let (G,P) be relatively hy-
perbolic. The Bowditch boundary is connected if and only if G is one ended
relative to P; i.e., G does not split relative to P over a finite subgroup (see
Definition 2.6).
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Suppose M = ∂(G,P) is connected. Then M is locally connected if and
only if every global cut point of M is a bounded parabolic point.
If the boundary is connected with no global cut point then it is locally
connected and G is finitely generated.
Proof. Connectedness is characterized in [Bow12, §10] in the finitely gener-
ated case. The proof extends to the general countable case, using essentially
the same proof, provided that one replaces the proper δ–hyperbolic space of
[Bow12, Thm. 3.8] with the augmented space of [Hru10, Def. 4.3].
Assume M is connected and all cut points of M are parabolic. By [GL17,
§3.8], the pair (G,P) has a maximal peripheral splitting in the sense of
[Bow01] whose nonparabolic vertex groups are finitely generated. Each such
vertex group is relatively quasiconvex by [GL15, Prop. 3.4] and has connected
Bowditch boundary [GL17, Cor. 4.14] that is locally connected [Bow99a]. By
[Dah03], M satisfies the hypothesis of [Bow01, Prop. 7.4] and thus is locally
connected. Conversely, Guralnik [Gur05] shows that [Bow98, Prop. 5.4] ex-
tends from the hyperbolic setting to the relative setting without change to
conclude that all cut points are parabolic whenever M is locally connected.
If G is not finitely generated, then (G,P) admits a nontrivial periph-
eral splitting (see [Osi06b, Thm. 2.44] or [GP15, Thm. A] or [GL17, §3.8]).
Therefore M contains a cut point by [Dah03]. 
Remark 2.5 (Changing the peripheral structure). If (G,P) is relatively
hyperbolic, one can add finitely many conjugacy classes of maximal, non-
parabolic two-ended subgroups to P to form a new group pair (G,P ′) that
is again relatively hyperbolic (see Dahmani and Osin [Dah03, Osi06a] and
the more general results of Wen-yuan Yang [Yan14]). Conversely, if (G,P ′)
is relatively hyperbolic, and P is formed from P ′ by removing finitely many
conjugacy classes of hyperbolic subgroups then (G,P) is relatively hyper-
bolic. For a proof, see Drut,u–Sapir [DS05] if G is finitely generated and
Matsuda–Oguni–Yamagata [MOY19] in general. (These works also contain
a significant generalization, for which the claimed result is a special case.)
The Bowditch boundary does change when one changes the peripheral
structure, as shown in a general setting by Wen-yuan Yang [Yan14]. For
instance, if one adds finitely many conjugacy classes of maximal two-ended
nonparabolic subgroups to P, then the new boundary ∂(G,P ′) is obtained
from ∂(G,P) by identifying the limit set of each P ∈ P ′ \ P in ∂(G,P) to a
point. See Dahmani [Dah03] for related results.
Definition 2.6. Suppose (G,P) is relatively hyperbolic. A splitting relative
to P is an action of G on a simplicial tree T without inversions such that
each peripheral subgroup P ∈ P stabilizes a vertex of T .
Let E be a set of subgroups of G. An E–splitting relative to P is a splitting
of G relative to P where each edge stabilizer is in E . An elementary splitting
relative to P is the case where E is the family of all elementary subgroups.
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Definition 2.7 (Pinched peripheral structure). If Gv is a vertex stabilizer of
an elementary splitting relative to P, there is a natural peripheral structure
obtained by adding the edge stabilizers of incident edges in the splitting.
Since all edge groups are elementary, and hence relatively quasiconvex, each
vertex stabilizer Gv is also relatively quasiconvex (see Bigdely–Wise [BW13,
Lem. 4.9] or Guirardel–Levitt [GL15, Prop. 3.4]). Each vertex stabilizer H =
Gv has a natural peripheral structure PH described above, which we denote
here by Pv. Adding the finite and 2–ended nonparabolic groups that stabilize
edges incident to v produces a new relatively hyperbolic structure Qv by
Remark 2.5. Since the Bowditch boundary of (Gv ,Qv) is obtained from the
boundary of (Gv ,Pv) by pinching, we call this new peripheral structure the
pinched peripheral structure of Gv .
Definition 2.8 (Quadratically hanging). A vertex stabilizer Gv of such a
splitting is quadratically hanging if it is an extension
1→ F → Gv → π1(Σ)→ 1,
where Σ is a complete, finite area hyperbolic 2–orbifold (possibly with geo-
desic boundary and cusps) and F is an arbitrary group called the fiber. We
also require that each peripheral subgroup of the pinched peripheral struc-
ture Qv has image in Gv contained in a boundary or cusp subgroup of π1(Σ).
We note that finite extensions of hyperbolic or Euclidean 2–orbifold groups
are always virtual surface groups by the following theorem.
Theorem 2.9 ([Ago13, HL]). Let G be an extension
1 −→ F −→ G
q
−−→ H −→ 1,
where H is the fundamental group of a compact hyperbolic or Euclidean 2–
orbifold (possibly with boundary) and F is a finite group. Then G has a
finite index subgroup G′ that is a surface group.
The Euclidean case of Theorem 2.9 is an easy consequence of the Bieber-
bach Theorem (see, for instance, Wilking [Wil00, Thm. 2.1]). The hyperbolic
case follows from the Virtually Compact Special Theorem of Agol, more pre-
cisely the corollary that a hyperbolic group acting properly and cocompactly
on a CAT(0) cube complex is virtually torsion free [Ago13].
See Haïssinsky–Lecuire [HL, Thm. 1.3] for a much shorter direct proof of
Theorem 2.9, which in this case does not rely on Wise and Agol’s powerful
results on hierarchies and special cube complexes.
Lemma 2.10. Let (G,P) be relatively hyperbolic with connected boundary.
Let Gv be a vertex stabilizer of an elementary splitting relative to P. Then Gv
is quadratically hanging with finite fiber if and only if the pinched boundary
∂(Gv ,Qv) is homeomorphic to a circle S
1.
Proof. By Theorem 2.4, the group G does not split relative to P over any
finite subgroup. Therefore, if Gv is quadratically hanging with finite fiber,
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every boundary component of Σ is used; in other words, by Guirardel–Levitt
[GL17, Lem. 5.16] the lift to Gv of each boundary subgroup of π1(Σ) is
parabolic in the pinched peripheral structure Qv. It follows that with this
peripheral structure, the Fuchsian group π1(Σ) has finite covolume, so the
boundary ∂(Gv ,Qv) is homeomorphic to S
1.
For the converse, assume the pinched boundary is a circle. Then Gv has
a geometrically finite convergence group action on S1 such that Qv is a set
of representatives of the maximal parabolic subgroups. Let F be the finite
kernel of the action on S1. Then Gv/F is a faithful convergence group on
S1, which must be Fuchsian by [Tuk88, Gab92, CJ94]. Since this conver-
gence action is geometrically finite, Gv/F is finite covolume and the pinched
peripheral subgroups are cusp groups [Bow93]. 
Definition 2.11 (Rigid). A vertex stabilizer Gv of the action on T is rigid
if (Gv ,Qv) has no elementary splittings relative to the pinched peripheral
structure Qv.
Let M be a Peano continuum. A cut pair is a pair of distinct points {x, y}
in M such that M \{x, y} is disconnected, but neither x nor y is a cut point
of M . A cut pair {x, y} is inseparable if its points are not separated by any
other cut pair. Let x be a local cut point which is not a global cut point
of M . The valence of x in M is the number of ends of M \ x. A cut pair
{x, y} in M is exact if the number of components of M \ {x, y} is equal to
the valence of both x and y.
Theorem 2.12 ([GL11, HH]). Let (G,P) be relatively hyperbolic with M =
∂(G,P) a Peano continuum. For any elementary splitting of G relative to
P, the vertex and edge stabilizers are relatively quasiconvex. There exists an
elementary splitting of G relative to P, called the JSJ decomposition, such
that each vertex stabilizer is exactly one of the following types:
(1) a nonparabolic maximal 2–ended subgroup whose limit set is an exact
inseparable cut pair of M ,
(2) a peripheral subgroup whose limit set is a single point that is a global
cut point of M ,
(3) a quadratically hanging subgroup with finite fiber, or
(4) a rigid subgroup whose limit set is not separated by any exact cut pair
of M .
The JSJ decomposition T is canonically determined by the topology of M .
Every homeomorphism of M induces a type-preserving automorphism of T .
Vertex stabilizers that are quadratically hanging with finite fiber can also
be rigid according to the definitions above (see, for example, Guirardel–
Levitt [GL17, §5]). However, if a rigid subgroup Gv has the property that
its limit set is not separated by any exact cut pair, then every finite index
subgroup of Gv also has this property. Therefore, any quadratically hanging
subgroup has its limit set separated by an exact cut pair.
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3. Examples
This section focuses on examples illustrating two phenomena which are
relevant for the hypotheses in our main theorem and in our conjecture. The
first is that there exist relatively hyperbolic group pairs (G,P) with planar,
connected boundary M = ∂(G,P) such that G is not virtually the funda-
mental group of a 3–manifold. All such known examples occur when M has
cut points, in other words (G,P) admits a nontrivial peripheral splitting.
The second phenomenon of interest is that the Bowditch boundary may
contain parabolic cut pairs, even when (G,P) does not split over a 2–ended
group relative to P. A parabolic cut pair is a cut pair consisting of two
parabolic points. In Corollary 5.4, we show that if the boundary is a Peano
continuum with no cut points, then inseparable parabolic cut pairs can only
exist if G splits over a finite group.
Definition 3.1 (Trees of circles). Let M be a Peano continuum. A closed
subset C is cyclic if C consists of a single cut point or contains a non-cutpoint
p and all points q that are not separated from p by any cut point ofM . Each
Peano continuum is the union of its cyclic subsets, and each pair of cyclic
subsets intersects in at most one point that is a cut point of M by Whyburn
[Why42, Chap. IV]. A tree of circles is a Peano continuum whose cyclic
subsets are either singletons or homeomorphic to the circle S1. Any tree of
circles admits a planar embedding by Whyburn [Why42, IV.7.3].
Proposition 3.2 (Hide stuff in the peripheral). For any finitely generated
group P with an infinite order element, there exists a relatively hyperbolic
group pair (G,P) with each peripheral subgroup isomorphic to P and with
Bowditch boundary planar and homeomorphic to a tree of circles.
In particular, if P is not virtually the fundamental group of a 3–manifold,
then neither is G.
For example, one could choose P to be any group that does not coarsely
embed in R3 or any incoherent group.
Proof. The proof is an elaboration of a simple idea due to Dahmani [Dah05,
Prop. 2.1]. Suppose P contains an infinite cyclic subgroup Q. Let F be the
fundamental group of a torus with one boundary component. Consider the
free product with amalgamation G = F ∗ZP , where the copy of Z in F corre-
sponds to the boundary curve and the copy of Z in P is the subgroup Q. By
Dahmani’s combination theorem [Dah03] the group pair (G,P) is relatively
hyperbolic, where P is the set of all conjugates of P in G. Furthermore, the
boundary ∂(G,P) is locally connected and homeomorphic to a tree of circles
by [Bow01], since ∂(F,Z) = S1. In particular, the boundary is planar. 
In the previous result, the peripheral subgroup is the obstruction to be-
ing a 3–manifold group. In the following result, we show that a relatively
hyperbolic group can fail to be a virtual 3–manifold group, even when all
peripheral subgroups all virtually abelian.
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Proposition 3.3 (Three slopes in the torus). There exists a group that is
hyperbolic relative to free abelian groups of rank two with a planar Bowditch
boundary homeomorphic to a tree of circles but which is not virtually the
fundamental group of any 3–manifold.
Proof. Let T 2 be a 2–dimensional flat torus, and let a, b, and c be three
essential simple closed geodesics with slopes 0, 1, and ∞ with respect to a
standard basis for Z2. Let Fa, Fb, and Fc be three orientable hyperbolic
surfaces each of genus one and each with one geodesic boundary component.
Form a locally CAT(0) space X from the torus T 2 by gluing the boundary
curve of each surface Fa, Fb and Fc to the curves a, b, and c respectively. We
assume that the initial metrics are chosen so that the lengths of glued curves
agree. Then the fundamental group G = π1(X) naturally splits as a graph
of groups with four vertex groups, corresponding to the given decomposition
of X. The universal cover X˜ is a CAT(0) space with isolated flats on which
G acts properly, cocompactly, and isometrically. But the visual boundary
∂X˜ of this CAT(0) space contains an embedded copy of K3,3. Indeed, there
is a K3,3 consisting of a circle that is the boundary of a flat T˜
2 and arcs
determined by the surfaces Fa, Fb, and Fc which connect the endpoints of a,
b, and c on this circle. By the path-connectedness theorem of Ben-Zvi [BZ],
such paths exist in the complement of the given circle.
Therefore, G does not coarsely embed in any contractible 3–manifold by
[BKK02]. Since G is one ended, it follows that G does not contain a finite
index subgroup that is the fundamental group of a 3–manifold.
Now we let P be the set of all conjugates of π1(T
2). The group pair (G,P)
is relatively hyperbolic by Hruska–Kleiner [HK05]. The Bowditch boundary
∂(G,P), which is not the same as the visual boundary ∂X by [Tra13], is
again a tree of circles by [Bow01] as above. 
Because the examples above have boundaries with cut points, we will
mainly examine relatively hyperbolic groups whose boundaries have no cut
points. The exact cut pairs, which are the endpoints of loxodromic axes,
are well understood and correspond to splittings over two-ended subgroups.
However, cut pairs where both local cut points are parabolic are not well
understood. These examples were new to us, so we include them here. We
show in Theorem 6.1 that in any rigid relatively hyperbolic group pair (no
elementary splittings relative to P) with boundary not a circle, the existence
of a parabolic cut pair in ∂(G,P) implies that G splits over a finite group.
Proposition 3.4. There exists a relatively hyperbolic group pair (G,P) that
is rigid in the sense that G does not split over any elementary subgroup
relative to P and such that ∂(G,P) has parabolic cut pairs.
First proof. The first example acts on a hyperbolic building and was con-
structed by Gaboriau–Paulin (see [GP01], §3.4, Example 1). Let G =
A ∗ B ∗ C for A = B = C = Z/3Z, and let P be the set of all conju-
gates of the subgroups A ∗B, B ∗C, and A ∗C. We note that G is virtually
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free. In particular, G is not one ended. Gaboriau–Paulin show that (G,P) is
relatively hyperbolic. We review their construction so that we may examine
the associated Bowditch boundary.
Let T3,3 be a bipartite tree with vertex set V ⊔ W such that all vertices
of either type have valence 3. Form a CAT(−1) space X as follows: Start
with one ideal triangle of H2 for each vertex of V and one copy of the real
line for each vertex ofW. For each vertex of V identify the three sides of the
corresponding ideal triangle isometrically with the three adjacent lines. We
choose these isometries so that, for each vertex of W corresponding to a line
ℓ, the union of the three triangles glued along ℓ admits an isometry of order
three fixing ℓ pointwise that cyclically permutes the adjacent triangles.
Observe that G = A ∗ B ∗ C acts properly and isometrically on X with
quotient a single ideal triangle. (The quotient object can be viewed as a
complex of groups with Z/3Z labels on the edges.) The stabilizers of the
lines of W are the conjugates of A, B, and C, while each ideal triangle of V
has trivial stabilizer. By [Bow12], the action of G on ∂X is a geometrically
finite convergence group action. The maximal parabolic subgroups of this
action are the family P of conjugates of A∗B, B ∗C, and A∗C. Cutting X
along any line ℓ ofW splits X into three pieces. Therefore the two parabolic
points at the ends of ℓ form a cut pair in the boundary ∂X = ∂(G,P). 
We now discuss a different construction that is much more flexible and
shows that groups with parabolic cut pairs are abundant.
Second proof. Start with two one-ended rigid hyperbolic groups G1 and G2
(not splitting over a virtually cyclic subgroup). Let Ai and Bi be distinct
infinite cyclic subgroups of Gi that are each maximal 2–ended in Gi. Let
G = G1 ∗ G2 and let P consist of all conjugates of the subgroups A1 ∗ A2
and B1 ∗ B2. Then (G,P) is relatively hyperbolic by the Bigdely–Wise
combination theorem [BW13].
We will show that its boundary has parabolic cut pairs by examining the
geometry of an associated cusped space. Let (Xi, xi) be a finite 2–complex
with basepoint such that π1(Xi, xi) = Gi. Glue an interval I from x1 to
x2. The resulting space X has fundamental group G. The cusped space Y
of Cannon–Cooper [CC92] is formed from the universal cover X˜ by gluing
combinatorial horoballs along the left cosets of A1 ∗ A2 and B1 ∗ B2. Each
lift of I to X˜ is an interval that separates X˜. But in Y exactly two horoballs
have been attached along this interval, one corresponding to a conjugate of
A1∗A2 and one corresponding to the same conjugate of B1∗B2. Thus the pair
of parabolic points corresponding to those peripheral subgroups disconnects
the boundary. (The pair is the limit set of the suspension of a conjugate of
I which disconnects Y .) 
PLANAR BOUNDARIES AND PARABOLIC SUBGROUPS 11
4. A simplicial inseparable cut pair tree
This section explores properties of Peano continua without cut points and
the structure of their cut pairs. We prove Proposition 4.9, which provides a
simplicial tree dual to the set of all inseparable cut pairs. The structure of
cut pairs and other finite separating sets of a Peano continuum is studied in
much greater generality in Papasoglu–Swenson [PS11, Thm. 6.6]. A related
result is also proved by Guralnik in [Gur05, Thm. 3.15]. The proof here is
self-contained and significantly shorter than the proof of [PS11, Thm. 6.6],
as it is tailored to the specific case of cut pairs.
Recall that a Peano continuum is a compact, connected, locally connected,
metrizable space. Several well-known properties of Peano continua are sum-
marized in the following remark (see Hocking–Young [HY61] for proofs).
Remark 4.1 (Properties of Peano continua). A Peano continuum M is
uniformly locally connected in the following sense: for each ǫ > 0 there exists
δ > 0 such that any two points of M with distance less than δ are contained
in a connected subset of M of diameter less than ǫ.
In a locally connected space, the components of any open set are open.
The Mazurkiewicz–Moore Theorem states that if U is an open subset of
a Peano continuum M , its components are arcwise connected. A closed
set S ⊂ M separates points a and b of M \ S if a and b are in different
components of M \S. By the Mazurkiewicz–Moore Theorem, a closed set S
separates a from b if and only if every path in M from a to b intersects S.
Let M be a Peano continuum. A cut pair is a pair of distinct points {x, y}
in M such that M \{x, y} is disconnected, but neither x nor y is a cut point
of M . A cut pair {x, y} is inseparable if its points are not separated by any
other cut pair.
The following definition was extensively studied by Bowditch [Bow99c].
Definition 4.2 (Pretrees). Let V be a set with a ternary relation R ⊂
V×V×V. If (A,B,C) ∈ R we say that “B is between A and C.” If A,B ∈ V,
the open interval (A,B) between A and B is the set of all members of V
lying between A and B. The closed interval [A,B] is the set (A,B)∪{A,B}.
We say that (V,R) is a pretree if it satisfies the following four conditions:
(1) [A,A] = {A},
(2) [A,B] = [B,A],
(3) If B ∈ (A,C) then C /∈ (A,B), and
(4) [A,C] ⊆ [A,B] ∪ [B,C].
Betweenness has been studied in various settings such as [Why42, HY61,
Bow99c]. The following notion of betweenness for inseparable cut pairs that
are not necessarily disjoint was introduced by Papasoglu–Swenson [PS06]
(cf. Guralnik [Gur05]).
Definition 4.3 (Betweenness). Let M be a Peano continuum. Let VI be
the set of all inseparable cut pairs of M . We define a “betweenness” ternary
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relation on VI as follows: An inseparable cut pair C is between inseparable
cut pairs A and B if the set C separates at least one point of A from at least
one point of B. We note that, by inseparability, C separates all points of
A \ C from all points of B \ C. Equivalently C is between A and B if and
only if every path from A \ C to B \ C intersects C.
Lemma 4.4. For any Peano continuum M , the betweenness relation defined
above gives the set of inseparable cut pairs VI the structure of a pretree.
Proof. Conditions (1) and (2) are immediate from the definition. To see (3),
suppose B ∈ (A,C). Then the connected component U of M \B containing
A\B is disjoint from C. Note that each point of B lies in the closure U , since
otherwise B would contain a global cut point of M . Therefore U ∪ (B \ C)
is a connected set in the complement of C that intersects both A and B. In
particular C /∈ (A,B).
For (4), suppose D ∈ (A,C) and let B be any inseparable cut pair. Sup-
pose by way of contradiction that there exist paths c1 from A \D to B \D
and c2 from B \D to C \ D that both avoid D. If c1(1) = c2(0) then the
concatenation c1c2 provides a contradiction. If not then B \D contains two
distinct points; i.e., the pairs B and D are disjoint. Since B is insepara-
ble there is a path c3 from c1(1) to c2(0) in the complement of D. The
concatenation c1c3c2 provides the desired contradiction. 
As explained by Bowditch [Bow99c], in a pretree each interval (A,B) is
linearly ordered by the separation order given by X < Y if Y ∈ (X,B).
Lemma 4.5. Let M be a Peano continuum, and A,B be inseparable cut
pairs in M . Suppose X, Y , and Z are three inseparable cut pairs in (A,B).
If X < Y < Z, then Y is between X and Z.
Proof. Since X < Y < Z, every path from X to B meets Y , and every path
from Y to B meets Z. We claim that every path from X to Z meets Y .
Indeed, since Z is not less than Y , there is a path p from Z to B that does
not meet Y . Let q be any path from X to Z. The path q followed by the
path p is a path from X to B. Since X < Y , this path meets Y . Since p
does not meet Y , the arbitrary path q from X to Z meets Y . 
We say that a sequence of cut pairs (Xi) converges to a point x∞ if every
neighborhood of x∞ contains all but finitely many of the cut pairs Xi.
Lemma 4.6. LetM be a Peano continuum with no cut points, and let A,B ⊂
M be inseparable cut pairs. Suppose X1 < X2 < · · · < Xi < · · · is a
monotonic sequence of inseparable cut pairs in the interval (A,B). Then
diam(Xi)→ 0, and the sets Xi have a subsequence that converges to a point.
Proof. Suppose by way of contradiction that diam(Xi) does not limit to
zero. Then after passing to a subsequence, we may assume that diam(Xi) is
bounded away from zero. In this circumstance, we will show that M is not
locally connected, contradicting the fact that M is a Peano continuum.
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Let
−→
I be closure of the component of M \XI which contains all the Xj
with j > I. Note that a component containing all such Xj must exist, since
the given sequence of cut pairs is a nested sequence. Similarly, let
←−
I be the
closure of the component of M \XI that contains all Xj with j < I. Let UI
be the intersection
UI =
−−−→
I − 1 ∩
←−−−
I + 1,
which is a closed set containing XI . We claim thatXI = {xI , yI} is contained
in a single component of UI . If not, then every connected set containing
XI either meets both points of XI−1 or meets both points of XI+1. But
then {xI−1, xI+1} is a cut pair that separates xI from yI , contradicting
inseparability of the cut pair XI .
Suppose diam(Xi) is bounded below by a positive number c as i → ∞.
Let (ai) be a sequence of points in M such that
(1) ai ∈ Ui
(2) d(ai, xi) > c/4 and d(ai, yi) > c/4
Such points ai must exist once i is sufficiently large, since d(xi, yi) ≥ d and
there is a connected subset of Ui containing xi and yi.
If the compactum M were locally connected then for each ǫ > 0 there
would exist δ > 0 as in the definition of uniformly locally connected. Observe
that if i 6= j, any connected set containing both ai and aj must have diameter
at least c/4. Therefore for any ǫ < c/4, no corresponding δ exists, since (ai)
has a Cauchy subsequence. It follows that M is not locally connected. Since
M is a Peano continuum, we have reached a contradiction. 
Lemma 4.7. Let M be a Peano continuum, and let A,B ⊂M be inseparable
cut pairs. Suppose (Xi)
∞
i=1 is a sequence of inseparable cut pairs contained
in the interval (A,B). If the sets Xi converge to a single point x∞, then x∞
is a global cut point of M .
Proof. Let
−→
A be the closure of the component ofM \A containing B\A, and
let
←−
B be the closure of the component of M \ B containing A \ B. Choose
points u and v in the open sets M \
−→
A and M \
←−
B respectively. Then every
path from u to v intersects both A and B. It follows that every path from
u to v intersects each cut pair Xi of the given sequence. Since a path is
a closed set, each path from u to v also must intersect the limit point x∞.
Observe that x∞ lies in the closed set
−→
A ∩
←−
B , which contains neither u nor
v. Thus x∞ is distinct from each of u and v. Therefore x∞ is a global cut
point of M separating u from v. 
Proposition 4.8 (Discreteness). Let M be a Peano continuum without cut
points. Let A and B be inseparable cut pairs of M . Then the interval (A,B)
is finite.
Proof. Suppose by way of contradiction that the interval (A,B) contains
infinitely many inseparable cut pairs. By a bisection argument, we will show
that there is a monotonic sequence with respect to the order < (or its reverse
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order obtained by switching the roles of A and B). Choose a cut pair X1 from
the interval (A,B). By Lemma 4.5, one of the intervals (A,X1) or (X1, B)
also contains infinitely many inseparable cut pairs. Let (A1, B1) denote this
new interval. Continuing recursively, we produce an infinite sequence of
distinct intervals (Ai, Bi) each containing infinitely many inseparable cut
pairs. Furthermore these intervals are nested in the sense that
A1 ≤ A2 ≤ · · · ≤ Ai ≤ · · ·
and
B1 ≥ B2 ≥ · · · ≥ Bi ≥ · · ·
Since the intervals (Ai, Bi) for i = 1, 2, 3, . . . are pairwise distinct, there are
either infinitely many distinct left endpoints or infinitely many distinct right
endpoints. In either case (possibly by switching the roles of A and B) there
exists a monotonic sequence of inseparable cut pairs contained in the original
interval (A,B). By Lemma 4.6, these cut pairs converge to a single point,
which must be a cut point by Lemma 4.7, contradicting the assumption that
M has no cut points. Therefore all intervals (A,B) are finite. 
Let M be a Peano continuum with no cut points. Recall that VI is the
set of all inseparable cut pairs in M . A star is a maximal subset S ⊆ VI
with the property that for each A,B ∈ S the interval (A,B) is empty. Let
W be the set of all stars. We define a bipartite graph TM with vertex set
VI ⊔W such that two vertices V ∈ VI and W ∈ W are joined by an edge in
TM whenever V ∈W .
Proposition 4.9 (Inseparable cut pair tree). Let M be a Peano continuum
without cut points. Then the graph TM defined above, the inseparable cut
pair tree, is a simplicial tree.
Proof. It follows from Proposition 4.8 that the notion of betweenness for
inseparable cut pairs defined above gives the set of inseparable cut pairs
the structure of a discrete pretree as discussed in Bowditch [Bow01, §3].
Bowditch has shown that any discrete pretree may be completed to a sim-
plicial tree by the above construction [Bow01, Lem. 3.1]. Bowditch’s result
can be intuitively seen by observing that any vertex in VI will disconnect
the tree, since the associated cut pair disconnects M . 
5. Inseparable cut pairs are loxodromic
This section examines the case of a Peano continuum that arises as a
Bowditch boundary of a relatively hyperbolic group. In this setting, the
existence of a convergence group action allows us to establish stronger prop-
erties of the inseparable cut pair tree.
Proposition 5.1. Suppose (G,P) is relatively hyperbolic and M = ∂(G,P)
is a Peano continuum not homeomorphic to the circle S1. Assume (G,P)
has no elementary splittings relative to P. Then M has no cut points and
all local cut points are parabolic.
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Proof. Since M is connected and locally connected, it has the property that
all global cut points are parabolic (see Theorem 2.4). Since G does not admit
a nontrivial peripheral splitting, the boundaryM has no parabolic cut points
by Bowditch [Bow99a, Thm. 1.2 and Prop. 5.1], and thus has no cut points
at all. By a theorem of Haulmark [Hau19], since M 6= S1 all local cut points
of M are parabolic. 
Proposition 5.2. Let (G,P) be relatively hyperbolic, and suppose M =
∂(M,P) is a Peano continuum with no global cut points. Then G acts min-
imally on the inseparable cut pair tree TM .
Proof. We first show that TM does not contain vertices of valence one. Recall
that TM is bipartite with vertex set VI ⊔W. We first consider the valence of
an inseparable-cut-pair vertex A ∈ VI . The convergence action of G on M
is minimal in the sense that M does not contain a nonempty G–invariant
closed proper subset. Since each component of M \ A is open in M , each
component U contains an inseparable cut pair (even in the orbit of A). By
Proposition 4.8, for each U there is a cut pair B ⊂ U , such that the interval
(A,B) is empty. By Zorn’s Lemma, the set {A,B} is a subset of a star,
i.e., a maximal set of cut pairs. This star is a W–vertex adjacent to the
VI–vertex A. Indeed, neighbors of A are in one-to-one correspondence with
the components of M \A. Therefore the inseparable-cut-pair vertex A ∈ VI
does not have valence one.
The argument in the preceding paragraph implies that each star contains
more than one inseparable cut pair. So a star vertex W ∈ W also cannot
have valence one.
Now we claim that G acts minimally on TM . Suppose by way of contra-
diction that G stabilizes a proper subtree T ′. Then there is an edge that
separates T ′ from its complement. Since there are no valence one vertices,
there are vertices of type VI on either side of this edge. This edge goes
between an inseparable cut pair A an a star S which contains it. Since the
orbit of A contains cut pairs in each component of M \ A, (since each of
these components is open in M and the orbit is dense) neither of the pieces
cut off by this edge are G–invariant. 
Proposition 5.3. Suppose (G,P) is relatively hyperbolic and M = ∂(G,P)
is a Peano continuum with no cut points. If G is one ended, then each
inseparable cut pair of M consists of the endpoints of a loxodromic element.
In particular, all inseparable cut pairs are exact.
Proof. By Proposition 5.2, the action of G on the inseparable cut pair tree
TM is minimal. Since G is one ended, it follows from Stallings’ Theorem that
every edge of TM has an infinite stabilizer. In particular, each inseparable
cut pair C has an infinite stabilizer H. Without loss of generality, assume
each point of C is fixed by H (passing to an index two subgroup if necessary).
Every fixed point of H is contained in the limit set Λ(H), so that C ⊆ Λ(H).
By a result of Tukia [Tuk94, Thm. 2S], if a subgroup H of a convergence
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group has at least one fixed point then Λ(H) contains at most two points.
Therefore C = Λ(H). By Tukia [Tuk94, Thm. 2R], the two points of C are
the fixed points of a loxodromic element of H, establishing the claim.
That loxodromic cut pairs are exact follows from Haulmark–Hruska [HH,
Lem. 4.1], which is a minor variation of Bowditch [Bow98, Lem. 5.6]. 
Corollary 5.4. Suppose (G,P) is relatively hyperbolic and M = ∂(G,P) is
a Peano continuum with no cut points. If G is one ended, then there are no
inseparable parabolic cut pairs.
Based on the work above, we can now improve Proposition 5.1 to the
following when G is one ended.
Proposition 5.5. Let G be one ended. Suppose (G,P) is relatively hyper-
bolic and M = ∂(G,P) is a Peano continuum not homeomorphic to the circle
S1. Assume (G,P) has no elementary splittings relative to P. Then M has
no cut points, no inseparable cut pairs, and all local cut points are parabolic.
Proof. We have shown in Proposition 5.1 that M has no cut points and all
local cut points are parabolic. By Proposition 5.3, all inseparable cut pairs
of M are exact. Since (G,P) does not split over a 2–ended subgroup, M has
no exact inseparable cut pair by Haulmark–Hruska [HH]. Thus there are no
inseparable cut pairs. 
6. One-ended rigid groups have no cut pairs
The main purpose of this section is to prove the following theorem.
Theorem 6.1. Suppose G is one ended and (G,P) is relatively hyperbolic
with has no elementary splittings relative to P. If M = ∂(G,P) is a Peano
continuum not homeomorphic to the circle S1, then M contains no cut pairs.
Since there are no inseparable cut pairs in this situation by Proposition 5.5,
we will study the separable cut pairs, which we will see have a natural cyclic
order. To describe this cyclic order, we introduce the notion of a cyclic
decomposition and a cyclic set. The structure of cyclic sets discussed in this
section closely follows work of Papasoglu–Swenson [PS06] from the more
general setting of continua that are not necessarily locally connected. We
get slightly stronger conclusions here in the presence of local connectedness.
Definition 6.2. A finite set of local cut points S0 = {s1, ..., sn} with n ≥ 3
is cyclic if there exist closed connected subsets M1, . . . ,Mn of M such that
M =
⋃
iMi andMi∩Mi+1 = si, Mn∩M1 = sn andMi∩Mj = ∅ otherwise.
Such a family of sets M1, . . . ,Mn is a cyclic decomposition corresponding to
the cyclic set S0.
Definition 6.3. A necklace is a maximal set N with |N | > 2 such that every
finite subset with more than one point is either a cut pair or a cyclic set.
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Definition 6.4. Let N be a necklace. We define an equivalence class on
M \ N such that x ∼N y if x is not separated from y by any cut pair
contained in N . A ∼N–equivalence class is called a gap of N .
The following lemmas together with Proposition 5.5 immediately imply
Theorem 6.1. (See below for details.)
Lemma 6.5. Let M be a Peano continuum without cut points not homeo-
morphic to S1. Every separable cut pair is in a necklace S.
Proof. The conclusion follows from Papasoglu–Swenson [PS06, Lems. 15
and 17] using Zorn’s lemma, as explained in [PS06, p. 1769]. 
Lemma 6.6. Let M be a Peano continuum without cut points that is not
homeomorphic to S1. Then any necklace of M has a gap.
Proof. A necklace S with no gaps would contain no inseparable cut pairs.
Furthermore we would then have M = S. By Papasoglu–Swenson [PS06,
Cor. 21], it follows that M is homeomorphic to S1. 
Lemma 6.7. Let M be a Peano continuum without cut points that is not
homeomorphic to S1. If G is a gap of a necklace S in M , then G ∩ S is an
inseparable cut pair.
Proof. Consider a gap G of the necklace S. Choose a cyclic decomposition
M1,M2,M3 corresponding to three points s1, s2, s3 in S. Label the points
so that G ⊆ M2. Let X = M \ {s3}. Form a new space M̂ which is a two
point compactification of X by adjoining two new points a and b such that a
compactifies M1 \ {s3} and b compactifies M3 \ {s3}. Note that every point
of S \ {s3} is a cut point of M̂ . Two points of M̂ are separated by a point
s of S \ {s3} if and only if they are separated in M by the cut pair {s, s3}.
Therefore the gap G is an equivalence class of points of M̂ not separated by
any cut point of M̂ that is also an element of S \ {s3}.
Note that M̂ does not contain an embedded arc that intersects G only in
its endpoints. Indeed, if there were such an arc A, it contains a point x that
is separated from M̂ by a point of S \{s3}. All paths from x to M̂ must pass
through this cut point, contradicting that A is an embedded arc. Therefore
S \ {s3} contains unique points a
′ and b′ such that every path from a to G
enters G at the point a′ and similarly every path from b to G enters G at b′.
Note that a′ 6= b′, since if they were equal they would give a cut point of M .
(It would separate s3 from G.) We claim that (a
′, b′) form an inseparable
cut pair of M . We first note that they are a cut pair, since any path from s3
to G must pass through either a′ or b′. Suppose that a′ and b′ are separated
by some other pair (x, y). Then by Papasoglu–Swenson [PS06, Lem. 15] this
cut pair is included in our necklace S. Since a′ and b′ are in the closure of
the gap, there are points of the gap that are separated by x and y. This
is a contradiction to the definition of gap. Note that a′ and b′ are the only
element of S in G, as G is contained in some Mi for every cyclic subset. 
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Note that putting these three lemmas together we have:
Proposition 6.8. Suppose (G,P) is relatively hyperbolic and M = ∂(G,P)
is a Peano continuum with no cut points such that M is not a circle. If M
has a cut pair, then M contains an inseparable cut pair.
Proof. If M contains a separable cut pair, then it contains a necklace by
Lemma 6.5. Since M is not a circle, every necklace contains a gap by
Lemma 6.6. The existence of a necklace with a gap would imply that M
contains an inseparable cut pair by Lemma 6.7. 
Proof of Theorem 6.1. By Proposition 5.5, we know that M has no global
cut point and no inseparable cut pairs. If M had any cut pair, it would
contain an inseparable cut pair by Proposition 6.8, a contradiction. 
7. Peripheral Subgroups
In this section, we prove the main theorem.
Theorem 7.1. Suppose the finitely generated group G is one ended, and
(G,P) is relatively hyperbolic such that the boundary M = ∂(G,P) is a
Peano continuum with no cut points. If M is planar then each member of P
is virtually a surface group.
The proof of Theorem 7.1 below uses the following result, which summa-
rizes several facts that are discussed in more detail in Section 2.
Lemma 7.2. Let GZ be a nonelementary vertex group stabilizing the vertex
Z of the JSJ decomposition tree. Then GZ is relatively quasiconvex in (G,P)
and hyperbolic relative to PZ , the family of infinite subgroups of the form
GZ ∩ P for P ∈ P. The boundary ∂(GZ ,PZ) is the limit set of GZ in M .
Let EZ be the family of 2–ended groups stabilizing the edges adjacent to Z.
Let QZ be the union PZ ∪ EZ . Then GZ is hyperbolic relative to QZ and the
boundary ∂(GZ ,QZ) is obtained from ∂(GZ ,PZ) by pinching the limit set of
each 2–ended edge group of EZ to a point. 
Let G be one ended, and suppose (G,P) is relatively hyperbolic. Assume
the boundaryM = ∂(G,P) is a Peano continuum with no cut points. Let GZ
be a rigid vertex group of the JSJ decomposition over elementary subgroups
relative to P. Assume that GZ is not quadratically hanging. Let QZ be the
pinched peripheral structure as above.
The following lemmas establish several properties of MZ = ∂(GZ ,QZ).
Lemma 7.3. MZ is connected.
Proof. The boundary MZ can be obtained from the connected space M =
∂(G,P) by collapsing to a point each component of the closure of M \
∂(GZ ,PZ). One component will be collapsed for each edge adjacent to Z.
Therefore MZ = ∂(GZ ,QZ) is connected. 
Lemma 7.4. MZ has no cut points and is locally connected.
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Proof. It suffices to show that MZ has no cut points, since then MZ would
be locally connected by Theorem 2.4. To show that MZ has no cut points,
we consider the projection π : M → MZ . Suppose by way of contradiction
that y ∈MZ is a cut point. Then by continuity, π
−1(y) disconnects M . By
hypothesis, M has no cut points, so π−1(y) is not a singleton set. It follows
that π−1(y) contains a cut pair of M , and y is therefore a parabolic point
of MZ . Since every possible cut point of MZ is a parabolic point with 2–
ended stabilizer, Bowditch’s theory of peripheral splittings [Bow01] implies
that GZ admits a splitting over a subgroup of this 2–ended group relative
to QZ . But GZ cannot split over a finite group relative to QZ because the
Bowditch boundary MZ is connected (see Theorem 2.4). Thus GZ splits
over an (infinite) 2–ended group relative to QZ . Such splittings do not exist
by the definition of rigidity. Therefore MZ has no cut points. 
Lemma 7.5. MZ has no cut pairs.
Proof. By way of contradiction, suppose that MZ has a cut pair. First note
that MZ cannot be a circle by Lemma 2.10, since we have assumed that
GZ is not quadratically hanging. Then by Proposition 6.8, there exists an
inseparable cut pair. By Proposition 5.1, an inseparable cut pair inMZ must
consist of parabolic points a and b. Let {a, b} be such an inseparable cut
pair. The strategy is to show that there is a parabolic inseparable cut pair
{a′, b′} in M , which would contradict Proposition 5.3 since G is one ended.
The proof has two cases, depending on whether the map M → MZ is
injective on the preimage of {a, b} or not.
If each of a and b have exactly one preimage in M then the preimage of
{a, b} is a cut pair of M consisting of two parabolic points a′ and b′. We
claim that this cut pair is inseparable in M . Note that no cut pair in M
has the property that one point is in the limit set of GZ and the other is
not, by inseparability of the limit sets of the edge stabilizers. Let {c′, d′} be
any other cut pair of M . We claim it does not link with {a′, b′}. If the pair
{c′, d′} is inseparable then it does not link with {a′, b′}, so we assume {c′, d′}
is separable. If {c′, d′} in the same vertex stabilizer, it is not the limit set of
any edge stabilizer, so the image M → MZ is injective on the pair {c
′, d′}
and maps it to a cut pair in MZ which links with {a, b}, contradicting that
{a, b} is inseparable. Therefore {c′, d′} is not in the limit set of GZ in M .
Since it is not contained in the limit set of GZ , this pair {c
′, d′} must be
separated from the limit set of GZ by an inseparable cut pair. But then
{a′, b′} does not link with {c′, d′}. Since {a′, b′} does not link with any other
cut pair, it is inseparable, so it is also parabolic. We are done in this case.
Now assume that one of a or b, say a, was obtained by collapsing the limit
set of some edge group in EZ . Then a has valence 2, and MZ \ {a} has two
ends. SinceMZ has no global cut point, each cut point ofMZ \{a} separates
these two ends. Therefore, the two-point end compactification of MZ \ {a}
has a linear separation ordering on its cut points (see Hocking–Young [HY61,
Thm. 2.21]). Therefore since the GZ–stabilizer of a acts cocompactly on
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MZ \ {a}, there exists a cut point of MZ \ {a} to the left of b and one to the
right of b. These two points form a cut pair of MZ which separates a from
b. So {a, b} is not an inseparable cut pair, contradicting our hypothesis. It
follows that MZ has no cut pairs, since it is not a circle. 
Lemma 7.6. If M is planar then so is MZ .
Proof. We follow a strategy similar to Haïssinsky’s proof of [Haï15, Lem. 6.5].
We produce an embedding MZ → S
2 by composing the given embedding
∂(GZ ,PZ)→ S
2 with a quotient S2 → S2 obtained using Moore’s Theorem
[Moo25]: If A is a null family of closed, disjoint, nonseparating sets of S2.
The quotient S2/A formed by collapsing to a point each member of A is
homeomorphic to S2.
For each cut pair associated to an edge emanating from Z, construct
an embedded arc connecting the endpoints of the associated loxodromic in
K = ∂(GZ , PZ) in a path-connected complementary component of K. Call
this collection of arcs A. Note that K separates M and the complementary
components are attached along cut pairs. The set of these components is a
null family by Lemma 7.7, proved below. The union of K with this collection
of arcs is planar, as the union embeds in M . Now let q : S2 → S2 be the
quotient obtained by collapsing each arc in this collection to a point. The
image of K under this quotient is an embedded copy of MZ in S
2. 
Lemma 7.7. Let M be a Peano continuum, and let K be a compact subset
such that for each component U of M \K the intersection K ∩ U is a pair
of two points. Then the components of M \K are a null family.
Proof. By Hocking–Young [HY61, Thm. 3.9], for each positive δ the δ–
neighborhood of K contains all but finitely many components of M \ K.
Since M is uniformly locally connected, given any ǫ > 0 all but finitely
many components U have the property that each point x of U is contained
in a connected set Cx that intersects K and has diameter at most ǫ. By
connectedness Cx must intersect the frontier U \ U = U ∩K. If the frontier
contains only two points, it follows that such a component U has diameter
at most 4ǫ. Indeed every point of the connected set U is within a distance
ǫ of one of these two points. Since ǫ is arbitrary, it follows that the set of
components of M \K is null, as desired. 
We will need the following generalization of the Schönflies Theorem, based
on a theorem from Torhorst’s dissertation [Tor21].
Theorem 7.8 (Torhorst Theorem). Let M ⊂ S2 be a planar Peano contin-
uum with no cut points such that M contains more than one point. Let U be
any connected component of S2 \M . Then U is homeomorphic to a closed
disc and ∂U is a Jordan curve in S2.
Proof. If U is any component of S2 \M , then S2 \U is connected. Thus by
the Riemann mapping theorem U is conformally homeomorphic to an open
disc. IfM is a planar Peano continuum, any conformal equivalence from the
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open disc to a component U of S2 \M extends to a continuous surjection
D2 → U . (The proof, due to Torhorst, is a trivial variation of the proofs
of either Pommerenke [Pom92, Thm. 2.1] or Milnor [Mil06, Thm. 17.14].)
If M has no global cut point, then this extension is injective—and hence a
homeomorphism—by Milnor [Mil06, Lem. 17.5]. 
Lemma 7.9. Let M ⊂ S2 be a planar Peano continuum with no cut points
and no cut pairs. Let U1 and U2 be connected components of S
2 \M . Then
the Jordan curves ∂U1 and ∂U2 intersect in at most one point.
Proof. Suppose by way of contradiction that U1∩U2 contains distinct points
x 6= y. For each i = 1, 2 let ci be a properly embedded arc in U i joining x
and y; in other words, an embedding I → U i such that ∂I maps to {x, y}
and the preimage of ∂Ui equals ∂I. Then c1 ∪ c2 is a Jordan curve c that
meets M only in the points x and y. This Jordan curve divides the sphere
into two components such that at least one component of M \ {x, y} lies
inside the circle and at least one lies outside. Indeed ∂Ui ⊂M for each i as
M is closed. Thus {x, y} is a cut pair of M , a contradiction. 
The following proposition generalizes a classical combinatorial theorem
about simple, 3–vertex connected planar graphs [vLW01, Thm. 34.8] to the
setting of Peano continua.
Proposition 7.10. Let M ⊂ S2 be a planar Peano continuum with no
cut points and no cut pairs. Then each homeomorphism of M extends to
a homeomorphism of S2. Furthermore any convergence group action of a
group G on M extends to a convergence group action on S2 with limit set
contained in M .
Proof. The closure of each complementary region U of S2 \M is homeomor-
phic to a closed disc whose boundary ∂U is a Jordan curve by Theorem 7.8.
Each pair of these discs intersects in at most one point by Lemma 7.9. Since
M ⊂ S2, any embedded circle in M that does not bound a complementary
component of M in S2 must separate M . We will show conversely that any
circle ∂U that bounds a complementary region U does not separate M .
Fix a complementary region U . The Jordan curve ∂U separates S2 into a
pair of discs, one of which, denoted Û , contains M \ ∂U . For each comple-
mentary component U ′ of S2 \M define a point qU ′ to be either the unique
point in U ∩ U
′
if such a point exists, or any point in U ′ otherwise. Let F
be the countable set of all such points xU ′ . Note that points in F of the first
type lie in ∂Û , while points of the second type lie in the interior of Û .
We will show that Û \ F is path connected as follows. For each pair of
points x, y ∈ Û \ F let Px,y be the complete metric space of all paths in Û
from x to y with the uniform metric induced by a complete metric on the
open disc. For each z ∈ F and each ǫ > 0 any path from x to y in Û is
within a distance ǫ of a path that avoids z. (Such a path exists by the van
Kampen Theorem.) Thus the set of paths avoiding z is a dense open set in
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Px,y. By the Baire Category Theorem, the set of paths from x to y avoiding
all points of the countable set F is nonempty. So Û \ F is path connected.
We now show that Û \F retracts onto M \∂U =M ∩ Û . Note that Û \F
is obtained from M ∩ Û by adding a countable number of punctured discs
U
′
\ {qU ′} of two types. If U
′
is a complementary component intersecting
U in the point qU ′ then qU ′ lies on the boundary of U
′
and U
′
\ {qU ′} is
homeomorphic to R × [0,∞). But if U
′
is disjoint from U then qU ′ is in
the interior of U ′ and U
′
\ {qU ′} is homeomorphic to S
1 × [0,∞). In either
case the punctured disc or boundary punctured disc U
′
\ {qU ′} retracts onto
∂U ′ \ {qU ′}, which is a subset of M ∩ Û . The retraction r : Û \ F →M ∩ Û
is defined piecewise; on M ∩ Û it is defined to be the identity function and
on each punctured disc U
′
\ {qU ′} it is defined to be any retraction onto
the boundary of the punctured disc. Continuity of piecewise functions is
not guaranteed when infinitely many closed pieces are involved, so we still
need to check continuity. Note that since M is compact, connected, and
locally connected, if there are infinitely many components of S2 \M then
their diameters tend to zero. (For a proof, see either Whyburn [Why42,
Thm. VI.4.4] or the hint in Milnor [Mil06, Prob. 19-f].) It follows that the
piecewise defined retraction is continuous. Since the path connected space
Û \ F retracts onto M \ ∂U , the latter space is also path connected. In
particular, ∂U does not separate M .
Any homeomorphism h of M leaves its family of separating circles in-
variant. Therefore it permutes the boundary circles of the complementary
regions in S2. Any homeomorphism of the circle extends to a homeomor-
phism of the disc, establishing the first claim. Extending the action of G on
M to a convergence group action on S2 requires a bit more care. Choose
a representative U from each conjugacy class of nonseparating circles. For
each such U , the stabilizer HU is a convergence group acting on ∂U = S
1.
Then by [Tuk88, Gab92, CJ94] there exists a Fuchsian action of HU on the
hyperbolic plane whose boundary action is topologically conjugate to the
given action on ∂U . We extend the action of HU on ∂U to U by identify-
ing U with H
2
. Note that the action of HU on U is a convergence group
whose limit set is contained in ∂U . The action of G on M then extends
equivariantly to all discs in the complement of M . Since the diameters of
the discs in S2 \M limit to zero, each extension is continuous. The action on
S2 satisfies the convergence property of Definition 2.1, since any collapsing
sequence for the action on M is also a collapsing sequence for the action on
S2. By construction, the limit set of this action is contained in M . 
Recall that QZ is the pinched peripheral structure on GZ defined in Sec-
tion 2, the collection of subgroups associated to edges emanating from Z
along with any other peripherals inherited from P.
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Corollary 7.11. Suppose G is one ended, and (G,P) is relatively hyperbolic
with boundary M = ∂(G,P) a Peano continuum with no cut points. Let GZ
be a rigid piece of the JSJ decomposition over 2–ended subgroups. Every
homeomorphism of MZ = ∂(GZ ,QZ) extends to a homeomorphism of S
2.
Furthermore the extension can be chosen so that the minimal convergence
action of GZ on MZ extends to a convergence group action on S
2 with limit
set equal to MZ .
Proof. By Lemmas 7.3, 7.4, 7.5, and 7.6, we know that MZ = ∂(GZ ,QZ) is
a planar Peano continuum with no cut points and no cut pairs. Then we are
done by Proposition 7.10. 
Proof of Theorem 7.1. We claim that any peripheral subgroup is contained
in a vertex stabilizer of the JSJ decomposition. Indeed, the JSJ decompo-
sition is relative to P (see Section 2) and any homeomorphism of ∂(G,P)
preserves this decomposition, see Theorem 2.12. Since the boundary does
not contain a global cut point, any peripheral subgroup is either a cusp group
of a virtually Fuchsian subgroup (so two ended) or contained in a rigid vertex
group that is not separated by any exact inseparable cut pair. As two-ended
groups are virtual surface groups, it suffices to consider the rigid case.
By Corollary 7.11, the parabolic action of the group P on MZ extends
to a parabolic action on S2. Therefore P also acts properly discontinuously
on plane S2 \ {a}, and P is a finite extension of the fundamental group of
an orbifold. Every peripheral subgroup P of a finitely generated relatively
hyperbolic group is itself finitely generated by Osin [Osi06b, Prop. 2.29].
Therefore P is a finite extension of the fundamental group of a compact
2–orbifold. The result follows immediately from Theorem 2.9. 
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